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Abstract
Simon (Theoret. Comput. Sci. 72 (1990) 65–94) has proved that every morphism from a free
semigroup to a $nite semigroup S admits a Ramseyan factorization forest of height at most
9|S|. In this paper, we prove the same result of Simon with an improved bound of 7|S|. We
provide a simple algorithm for constructing a factorization forest. In addition, we show that the
algorithm cannot be improved signi$cantly. We give examples of semigroup morphism such that
any Ramseyan factorization forest for the morphism would require a height not less than |S|.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Factorization forests are introduced by Simon [3] to describe factorizations of words
over a given alphabet. Simon has proved that every morphism from a free semigroup
to a $nite semigroup S admits a Ramseyan factorization forest of height at most 9|S|.
Later, Simon [4] gave a short proof of a weaker version of the result.
The result can be used to prove Brown’s lemma [1] on locally $nite semigroups in a
constructive way. Simon [5] has also used this result to solve the limitedness problem
on distance automata.
In this paper, we prove the same result of Simon with an improved bound of 7|S|.
We provide a simple algorithm for constructing a factorization forest. Our algorithm
is a simplication of Simon’s.
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In Section 2, we $rst give a presentation of the problem. Then we prove the result in
the next three sections. In Section 6, we show that the algorithm cannot be improved
signi$cantly. We give examples of semigroup morphism such that any Ramseyan fac-
torization forest for the morphism would require a height not less than |S|.
2. Presentation of the problem
Given a set A, we write A+ or F(A) to denote the free semigroup generated by A.
A factorization forest F over an alphabet A can be de$ned by a function d from A+ into
F(A+) such that for every x∈A+, d(x)= (x1; x2; : : : ; xp) implies that x= x1x2 · · · xp.
We say that d(x) is a factorization of x.
With each word x∈A+, we associate a rooted tree T (x) such that the tree nodes
are labelled by words in A+. If |d(x)|=1, T (x) consists just of a root labelled x. If
d(x)= (x1; x2; : : : ; xp) where p¿2, the root of T (x) is labelled by x and has p children
T (xi) for 16i6p.
Given x∈A+, We de$ne the height h(x) to be the height of the tree T (x). Speci$-
cally, h(x)= 0 if |d(x)|=1, and h(x)= 1 + max{h(xi) | 16i6p} where d(x)=
(x1; x2; : : : ; xp) and p¿2. The height of a factorization forest F is de$ned by sup
{h(x) | x∈A+}.
Let f be a morphism from a free semigroup A+ to a $nite semigroup S. A
factorization forest F is Ramseyan modulo f if for every x of degree p¿3, d(x)=
(x1; x2; : : : ; xp) implies that there exists an idempotent e such that e=f(x)=f(x1)=
f(x2)= · · · =f(xp). We say that f admits a Ramseyan factorization forest if it
admits a factorization forest F over A which is Ramseyan modulo f and the only
words such that d(x)= x are the elements of A.
In this paper, we assume that the readers are familiar with the local structure theory
of semigroup, which are covered in Chapter 2 (Green’s relations) of [2].
3. The group case
We consider in this section a morphism f from a free semigroup A+ to a $nite
group G. Let e be the identity of G. Since e is the only idempotent element of G, the
only nodes in a factorization tree with an outdegree greater than two will have a label
x such that f(x)= e.
Theorem 1. Every morphism f : A+→G, where G is a :nite group, admits a Ram-
seyan factorization forest of height at most 3|G|.
Proof. Given a word x, let Pre$xImages(x)= {f(u) | u∈A+ is a proper pre$x of x}.
For all x; v∈A+ and u; w∈A∗ such that x= uvw, we have f(u)Pre$xImages(v)⊆
Pre$xImages(x).
We will show by induction on |Pre$xImages(x)| that we can $nd a tree for x of
height at most 3|Pre$xImages(x)|.
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Fig. 1. How to build a tree for the group case.
If |Pre$xImages(x)|=0, we have |x|=1. Let d(x)= x which gives a factorization
tree of height 0.
Suppose |Pre$xImages(x)|¿1. Let b∈Pre$xImages(x). Let x= a1a2 · · · ap where
ai ∈A for 16i6p. Consider all pre$xes of x that are mapped to b under f. Let
16i1¡i2¡ · · ·¡ik6p be all the indices such that f(a1 · · · aij)= b. Let u= a1 · · · ai1 ,
v= aik+1 · · · ap and yj = aij+1 · · · aij+1 for each 16j6k−1. We also denote y1 · · ·yk−1
by y. Since G is a group, we have e=f(y1)=f(y2)= · · · =f(yk−1)=f(y). We
construct a factorization tree (see Fig. 1) for x by de$ning d(x)= (uy; v), d(uy)= (u; y)
and d(y)= (y1; : : : ; yk−1). A degenerate case occurs when k =1, y= ” and d(x)= (u; v).
We will now show that for each leaf of the tree we have just built, the size
of Pre$xImages has decreased. We know that Pre$xImages(u)⊆Pre$xImages(x) and
b∈Pre$xImages(x) \Pre$xImages(u). Thus, |Pre$xImages(u)|¡|Pre$xImages(x)|. We
also know that for each yj, b Pre$xImages(yj)=f(uy1 · · ·yj−1) Pre$xImages(yi)⊆
Pre$xImages(x). Since G is a group and b∈Pre$xImages(x) \ b Pre$xImages(yj), we
conclude that |Pre$xImages(yj)|¡|Pre$xImages(x)|. With the same argument, we can
see that |Pre$xImages(v)|¡|Pre$xImages(x)|. By the induction hypothesis, there are
factorization trees for u, v and each yi of height at most 3(|Pre$xImages(x)| − 1) and,
consequently, we can construct a tree for x of height at most 3|Pre$xImages(x)|.
Since |Pre$xImages(x)|6|G|, we have found a way to build a factorization forest
of height at most 3|G|.
4. The single D-class case
We consider in this section a morphism f from A+ to a $nite semigroup that has
only one single D-class. Note that the single D-class must be regular.
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Fig. 2. How to build a tree for the single D-class case.
Theorem 2. Every morphism f :A+→ S, where S is a :nite semigroup which has only
one single D-class, admits a Ramseyan factorization forest of height at most 5|S|.
Proof. Let x= a1a2 · · · ap where ai ∈A for 16i6p. We de$ne int(x)= {(Lf(ai);
Rf(ai+1)) | 16i6p− 1}. Observe that int(v)⊆ int(x) where v is a factor of x.
Recall that all H-classes in a D-class are of the same size. Let q be the size of
each H-class. We will show by induction on |int(x)| that we can $nd for each word
x a factorization tree of height at most 5q|int(x)|.
If int(x)= ∅, we have |x|=1. Let d(x)= x, which gives a factorization tree of
height 0.
Suppose |int(x)|¿1. Let (L; R)∈ int(x). Let 16i1¡i2¡ · · ·¡ik6p − 1 be all the
indices such that (Lf(aij ); Rf(aij+1))= (L; R). Let u= a1 · · · ai1 , v= aik+1 · · · ap and yj =
aij+1 · · · aij+1 for each 16j6k − 1. We also denote y1 · · ·yk−1 by y. By the local
structure theory of semigroup, we know that y and each yj belong to the same H-
class H =R∩L, which is a subgroup of S. We construct a factorization tree (see Fig. 2)
for x by de$ning d(x)= (uy; v) and d(uy)= (u; y). By using the technique from the
previous section for the group case, we construct a factorization tree of height at most
3|H |=3q with root y and leaves y1; : : : ; yk−1. It is a degenerate case when k =1 and
y= . In that case, the construction tree for x is de$ned by d(x)= (u; v).
Since u, v, and all the yj’s are factors of x, we know that int(u) ⊆ int(x), int(v) ⊆
int(x) and int(yj) ⊆ int(x), for 16j6k − 1. Moreover, by the way u, v and the yj’s
are de$ned, we know that (L; R) belongs to int(x) but not to int(u), int(v) or any of
the int(yj)’s. Then, by the induction hypothesis, there are factorization trees for u, v
and each yj’s of height at most 5q(|int(x)| − 1) and consequently, we can construct a
factorization tree for x of height at most 2 + 3q+ 5q(|int(x)| − 1)65q|int(x)|.
Since |int(x)| is less than or equal to the number of diLerent H-classes in S and q
is the size of any H-class, the height of the factorization tree for x is at most 5|S|.
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5. The general case
We consider in this section a morphism f from A+ to a $nite semigroup. The
following basic knowledge about semigroup is very important in the understanding of
the algorithm: if x= uvw then Df(v)¿Df(x).
Theorem 3. Every morphism f :A+→ S, from a free semigroup to a :nite one, admits
a Ramseyan factorization forest of height at most 7|S|.
Proof. Given a word x, we consider the position of Df(x) in the partial ordering of
the D-classes. We will show by an induction on the D-classes partial ordering that we
can construct a factorization tree of height at most 7
∑
D¿D Df(x)
|D|.
Firstly, suppose that Df(x) is one of the maximal D-class for the partial ordering
6D. We can apply the technique from the previous section for a single D-class. Thus,
there exists a factorization tree for x of height at most 5|Df(x)|, which is less than
7|Df(x)|=7
∑
D¿DDf(x)
|D|.
Now, for the inductive case, we suppose that Df(x) is not a maximal D-class. We
need another induction on the length of x. If |x|=1, we put d(x)= x which gives a
factorization tree of height 0.
Suppose |x|¿1. We say that a word w∈A+ is primitive if w∈A, or w and y
belong to diLerent D-classes where w=ya and a∈A. We decompose x into primi-
tive strings y1; y2; : : : ; yk such that x=y1y2 · · ·ykv where Df(yj) =Df(x) for 16j6k
and Df(v)¿D Df(x). Clearly, k¿1. A degenerate case of the decomposition is when v
does not exist. That is, x is decomposed into primitive strings y1; y2; : : : ; yk such that
x=y1y2 · · ·yk where Df(yj) =Df(x) for 16j6k. Note that the decomposition of x is
unique.
Consider the general case of the decomposition of x. (The degenerate case is easier.)
We factorize x (see Fig. 3) according to the decomposition such that d(x)= (y; v) and
y is factorized into y1; y2; : : : ; yk using the same technique given in the previous section
Fig. 3. How to build a tree for the general case.
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Fig. 4. How to build a tree for a primitive string.
for a single D-class. The height of the subtree rooted at y with leaves y1; y2; : : : ; yk
(see Fig. 3) is at most 5|Df(x)|.
For each primitive string yj where 16j6k, we factorize it (see Fig. 4) into y′j and
a where yj =y′ja and a∈A. That is, d(yj)= (y′j; a). There is no need to factorize yj
if yj ∈A.
By the induction hypothesis, there exist factorization trees for each y′j and v of
height at most 7
∑
D¿DDf(x) |D|. The total height for the factorization of x is at most
2 + 5|Df(x)|+ 7
∑
D¿DDf(x) |D|67
∑
D¿DDf(x)
|D|.
Consequently, for each word x we can construct a factorization tree of height at
most 7
∑
D¿DDf(x)
|D|67|S|.
6. Lower bounds
We have shown that for each morphism f from a free semigroup A+ to a $nite
semigroup S, there exists a Ramseyan factorization forest of height at most 7|S| which
is linear in |S|. In this section, we prove that the result cannot be signi$cantly improved.
For each of the three steps of the algorithm, we show that there are examples of
semigroup morphism such that any Ramseyan factorization forest for the morphism
would require a height not less than |S|.
6.1. The group case
Let f be a morphism from A+ to a $nite semigroup. We de$ne a new kind of
Ramseyan factorization forest (which we call Ramseyan group factorization) as a
function d from A+ to F(A+) such that d(x)= (x1; x2; : : : ; xk) implies f(xi)= e for
26i6k − 1 where e is an idempotent. As in the former de$nition, the only words x
such that d(x)= x must be the elements of A.
One can see that the usual Ramseyan factorization tree is just a special case of
the Ramseyan group factorization tree. On the other hand, given a Ramseyan group
factorization tree of height h, one can easily convert it to a usual Ramseyan factorization
tree of height at most 3h. Thus, the two variants of Ramseyan factorization forests are
linearly related in height.
Given x∈A+, we de$ne h(x) to be the minimum height of a Ramseyan group
factorization tree for x.
Lemma 1. For all x∈A+, for all u; v∈A∗, h(x)6h(uxv).
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Proof. Given a group factorization tree for uxv, we can prune the tree to obtain a
group factorization tree for x. The pruning is done by $rst eliminating symbols from u
and v at the leaves level. More pruning may be triggered at the higher levels in order
to maintain the properties required for a group factorization tree. The resulting tree has
height not exceeding that of the given tree for uxv.
Let G be a group { 1; : : : ;  n} of size n, where  1 = e is the identity. Let A= {a1; : : : ;
an} and f be a morphism from A+ to G such that f(ai)=  i for 16i6n. We want
to show that there exists zn ∈A+ such that the height of any group factorization tree
for zn is at least n.
Let x= b1b2 · · · bk where bi ∈A for 16i6k. Consider the sequence of pre$x images
#i =f(b1b2 · · · bi), for 16i6k. We de$ne #= #1 · · · #k to be the pre:x images string
of x. Suppose we are given with the pre$x images string # but not the original string x.
Since G is a group, we can compute x as follows: b1 =f−1(#1) and bi =f−1(#−1i−1#i)
for 26i6k.
Instead of constructing zn such that the height of any Ramseyan group factorization
tree for zn is at least n, we will construct the pre$x images string $n of zn from which
zn can be recovered uniquely.
Let # and % be two pre$x images strings of the same length k. We say that # and
% are structurally similar if for all 16i; j6k, #i = #j iL %i = %j.
Lemma 2. Let x; y∈A+ such that the pre:x images strings of x and y are structurally
similar. Then h(x)= h(y).
Proof. Let k = |x|= |y|. Let x= b1 · · · bk . Suppose we are given a group factorization
tree for x. Let d(x)= (x1; x2; : : : ; xp) where p¿2. Then f(x1)=f(x1x2)=f(x1x2x3)=
· · · =f(x1x2 · · · xp−1). Let d(y)= (y1; y2; : : : ; yp) such that |yi|= |xi| for 16i6p.
Since the pre$x images strings of x and y are structurally similar, we have f(y1)=
f(y1y2)=f(y1y2y3)= · · · =f(y1y2 · · ·yp−1). Thus, d(y) is well de$ned. Further-
more, xi and yi are again structurally similar for 16i6p. Therefore, given a group
factorization tree for x, we can construct a similar group factorization tree for y that
is structurally the same, and vice versa.
To construct $n, we construct inductively $i ∈{ 1; : : : ;  i}+ for i=1; 2; : : : ; n such
that the height of any group factorization tree for zi ∈A+, which pre$x images string
is $i, is at least i. We de$ne $1 =  1 1. It is immediate to see that any group fac-
torization tree for z1 has height one. Suppose we have de$ned $i ∈{ 1; : : : ;  i}+. Let
16j6i. By substituting every occurrence of  j by  i+1 in $i, we obtain a string
$ji ∈ ({ 1; : : : ;  i} \ { j}∪ { i+1})+ which is structurally similar to $i. Next, we de$ne
$i+1 = $i$1i $
2
i · · · $ii ∈{ 1; : : : ;  i+1}+. We want to show that any group factorization tree
for zi+1 has height at least i + 1. Let d(zi+1)= (x1; x2; : : : ; xp) where p¿2.
Firstly suppose  i+1 =f(x1)=f(x1x2)= · · · =f(x1x2 · · · xp−1). Since none of the
pre$x images of zi is  i+1, we deduce that $i is a pre$x of the pre$x images string
for x1 where f(x1)=  i+1. Thus, zi is a pre$x of x1. Since zi requires a tree of height
at least i for factorization, by Lemma 1 any factorization tree for x1 also requires a
height of at least i. Hence, the total height of this tree for zi+1 is at least i + 1.
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Next suppose  j =f(x1)=f(x1x2)= · · · =f(x1x2 · · · xp−1) where 16j6i. Recall
that $ji ∈ ({ 1; : : : ;  i+1}\{ j})+ is a string that does not consist of the symbol  j. Let
k = |$i|. Then |$i+1|= k(i + 1). Since $i+1 = $i$1i $2i · · · $ii, the substring $ji is located
within $i+1 in positions between kj + 1 and k( j + 1). There must exist xm where
16m6p such that $ji is ‘covered’ by xm in the sense that |x1x2 · · · xm−1|¡kj + 1¡
k( j + 1)6|x1x2 · · · xm|. Since G is a group, there is a substring of the pre$x images
string of xm that is structurally similar to $
j
i , which is also structurally similar to $i since
the ‘structurally similarity’ relation is transitive. By Lemmas 1 and 2, we conclude that
h(xm)¿i. Again, the total height of this alternate group factorization tree is at least
i + 1.
In Section 3, we prove that every morphism from A+ to a group G admits a
Ramseyan factorization forest of height at most 3|G|. A close look at the algorithm
shows that one can obtain a Ramseyan group factorization forest of height at most |G|.
Thus, the existence of zn shows that the algorithm is indeed tight.
Theorem 4. Consider any morphism f :A+→G, where G is a :nite group. Let F be
a Ramseyan factorization forest for f. Then the height of F is at least |G|.
Proof. It has been shown that there exists a string z such that the height of any
Ramseyan group factorization tree is at least |G|. Since Ramseyan factorization is a
special case of Ramseyan group factorization, we conclude that the height of any
Ramseyan factorization tree is also at least |G|.
6.2. The case of rectangular bands
In Section 4, we describe a factorization algorithm for the case of a single D-class.
The algorithm is done recursively and relies on the results of Section 3 for factorization
in the group case. If every subgroup (equivalently, H-class) is trivial, the algorithm
given in Section 4 will produce a factorization forest of height at most 3|S|. In the
following, we give a family of examples of single D-class semigroups with trivial H-
classes (which are called rectangular bands) that require factorization forests of height
at least |S|.
Given two nonempty sets I and J , we de$ne an associative multiplication on the set
I × J as follows:
∀i; i′ ∈ I; ∀j; j′ ∈ J; (i; j)(i′; j′) = (i; j′)
A semigroup S is called a rectangular band if there exist I and J such that S is
isomorphic to I × J with the previous multiplication.
Let f be a morphism from A+ to a rectangular band. We de$ne a Ramseyan rectan-
gular factorization forest as a function d from A+ to F(A+) such that d(x)= (x1; x2; : : : ;
xq) implies |int(d(x))|=1 where int(d(x))= int(x1; x2; : : : ; xq)= {(Lf(xi); Rf(xi+1)) | 16
i6q − 1}. As in the former de$nitions, the only words x such that d(x)= x must be
the elements of A. Observe that every element of a rectangular band is an idempotent
and f(x2)=f(x3)= · · · =f(xq−1). Thus, Ramseyan factorization forest is a special
case of Ramseyan rectangular factorization forest, which in turn is a special case of
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Ramseyan group factorization forest. Given a Ramseyan rectangular factorization forest
of height h, we can construct a Ramseyan factorization forest of height at most 3h.
Therefore, the three variants of Ramseyan factorization forests are linearly related in
height.
Given x∈A+, we de$ne h(x) to be the minimum height of a Ramseyan rectangular
factorization tree for x.
Lemma 3. For all x∈A+, for all u; v∈A∗; h(x)6h(uxv).
Proof. The proof is exactly the same as in the former case for Ramseyan group fac-
torization forest.
Let A= {aij | i∈ I; j∈ J} and f be the morphism from A+ to the rectangular band
I × J such that for each (i; j)∈ I × J , f(aij)= (i; j). Given a word x= ai1j1 · · · aipjp ,
we de$ne int(x)= {betwx(k) | 16k6p − 1} where betwx(k)= ( jk ; ik+1). We want to
show that there exists a word such that the height of any rectangular factorization tree
for this word will be at least the size of the semigroup |S| which is |I | × |J |.
As for the group case, we will construct recursively a word xk such that |int(xk)|= k
and h(xk)¿k. For k =1, pick any speci$c ordered pair (i′; j′) from S. Let x1 = ai′j′ai′j′
which will need a tree of height 1 and |int(x1)|= |{( j′; i′)}|=1.
Suppose k¿1. We will construct xk from the structure of xk−1. Pick a speci$c
ordered pair ( j′′; i′′)∈ S \ int(xk−1). For each ( j; i)∈ int(xk−1), we construct a word yji
by replacing the letters of xk−1 such that f(yji)= (i′; j′) and for each 16p6|xk−1|−1,
betwyji(p)= ( j
′′; i′′) if betwxk−1 (p)= ( j; i) and betwyji(p)= betwxk−1 (p) otherwise. It
is easy to see that int(yji)= {( j′′; i′′)}∪ int(xk−1)\{( j; i)} and the minimal height of a
Ramseyan rectangular factorization tree for each yij is at least k−1. We de$ne xk to be
the concatenation of xk−1 and all the yij’s that have been de$ned previously. Note that
f(xk)= (i′; j′) and int(xk)= int(xk−1)∪{( j′′; i′′)}. Similar to the proof for the group
case, we can show that the minimal height of a Ramseyan rectangular factorization tree
for xk is at least k. Thus, there exists a word which Ramseyan rectangular factorization
tree requires a height at least |S|.
A close look at the algorithm given in Section 4 shows that every morphism from A+
to a rectangular band semigroup S admits a Ramseyan rectangular factorization forest
of height |S|. Next, since Ramseyan factorization forest is a special case of Ramseyan
rectangular factorization forest, we obtain the next theorem.
Theorem 5. Consider any morphism f :A+→ S, where S is a rectangular band. Let
F be a Ramseyan factorization forest for f. Then the height of F is at least |S|.
6.3. D-trivial semigroups
In Section 5, we describe a factorization algorithm for the general case. The algorithm
is done recursively and relies on the results of Section 4 for factorization for the
single D-class case. If every D-class is trivial, the algorithm given in Section 5 will
produce a factorization forest of height at most 3|S|. In the following, we give a family
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of examples of D-trivial semigroups that require factorization forests of height more
than |S|.
For each n, let Sn be the semigroup { 1; : : : ;  n} with the following associative op-
eration:  i j =  j i =  max{i; j}. We can easily see that D i = { i} and if i¡j, Dj¡DDi.
Let An= {a1; : : : ; an}. Let f :A+n → Sn be the morphism such that for each 16i6n,
f(ai)=  i. For each word x∈A+n , we can easily see that f(x)=  im where im=
max{i| ai is a letter of x}. Let x1 be the word a1a1 and xi+1 = (xiai+1)2 for 16i6n−1.
That is, xn=((a21a2)
2 · · · an)2.
Lemma 4. The minimal height of a Ramseyan factorization tree for xn is n+1, where
n¿2.
Proof. Consider an arbitrary factorization tree for xn where n¿2. We want to argue that
every internal node is factorized into two nodes. Consequently, the minimal height of a
factorization tree is lg |xn|= lg(2n+1−2)= n+1. Suppose on the contrary that there
is a node labelled by w such that d(w)= (w1; w2; w3; : : : ; wp) where p¿3. Since the
out-degree is more than two, we have f(w1)=f(w2)=f(w3)= · · · =f(wp), which
we also denote by  k . Thus, ak appears as a symbol in w1, w2 and w3. However, by
the way xn is de$ned, within three occurrences of ak there must exist ak+1. That is,
ak+1 exists in either w1, w2 or w3. Hence, either f(w1) =  k , f(w2) =  k or f(w3) =  k ,
which is a contradiction.
For the general case, one may wonder if it is possible to show that for any mor-
phism from A+ to a $nite semigroup S, any Ramseyan factorization forest must
have height at least the size of S. The following family of examples proves the
negative.
For each n, let Sn be the D-trivial semigroup {#;  1; : : : ;  n} with the following
associative operation: ##= #,  i#= #, # i = #,  i i =  i and  i j = # where i = j.
Let An= {a1; : : : ; an} and f be a morphism from A+n to Sn such that f(ai)=  i for
16i6n.
Lemma 5. There is a Ramseyan factorization forest for f of height 4.
Proof. Let z ∈A+n . We de$ne d(z)= (x; y) and d(x)= (x1; x2; : : : ; xq) such that y
consists of the same symbol from An and for 16k6q, xk = ak1ak1 · · · ak1ak2 where
16k1 = k26n. Thus, f(x1)=f(x2)= · · · =f(xq)= #. Moreover, d(xk)= (x′k ; ak2 )
and d(x′k)= (ak1 ; ak1 ; : : : ; ak1 ). Note that the factorization tree may have a height
smaller than 4 for degenerate cases.
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